A generalization of the Levi problem with 

singularities 



Youssef ALAOUI 



Summary. In this article, we prove that if X is a Stein space and Q C X 
an increasing sequence of q'-complete open subsets, then Q is g-complete. 

Key words: Stein spaces; g-complete spaces; g-convex functions; linear 
sets; 1-convex functions with respect to a linear set. 

2000 MS Classification numbers: 32E10, 32E40. 



1. Introduction 

It is known from a classical theorem due to Benke and Stein [1] that if 
Di C D2 C ■ ■ ■ C D„ C ■ ■ ■ is an increasing sequence of Stein open sets in 
(D", then their union [J Dj is Stein. 

i>i 

This result has been extended to open sets in Stein manifolds. But nothing 
is known about this if (-Dj)j>i is a family of a Stein complex space X, even 
when X has isolated singularities. 

The main new result of this article concerns a generalization of this theorem 
for families of g-complete open sets in Stein spaces. By using a description 
of g-convex functions in terms of linear sets, introduced by M. Peternell [4], 
we show that if X is a Stein space and {^)j>i an increasing sequence of 
g-complete open subsets of X, then fl = [J Qj is g-complete. 

i>i 

For this, we prove that there exist a linear set Ai of codimension < g — 1 
over Q and an exhaustion function ip G C°°{Q) such that every point of Q 
has a neighborhood U on which there exist finitely many smooth functions 
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i/ji, ■ ■ ■ which are 1-convex with respect to M.\u, and such that 



2. Preliminaries 

Let X be an analytic complex space. A linear set over X is a subset Ai 

of TX = [J T^X, where T^X is the Zariski tangent space of X at x, such 
xex 

that for every point x & X, M.x = n T-^X is a complex vector subspace 
of T^X. 

We recall that a smooth real-valued function ^ on X is said to be 

a) g-convex, if every point x e X has an open neighborhood IJ isomorphic 
to a closed analytic set in a domain D C (D" such that the restriction has 
an extension G C°°{D) whose Levi form L{(f), z) has at most q — 1 negative 
or zero eingenvalues at any point z of D. 

b) weakly 1-convex with respect to the linear set JA, if for every point 
X e X, there exist a holomorphic embedding i : U ^ U, where [/ C X is 
an open neighborhood of x and JJ an open subset of some (D^, and a ex- 
tension (j) G C°°(^7,1R,) of (f)\u such that for every ^ G M-x-, the levi form 
L{(f),i{x))i^^x(yO is positive-semidefinite, where i^^x '■ TxX — >• (C* denotes the 
differential map of i at x. 

c) 1-convex with respect to Al, if for every point x G X, there exists an 
open neighborhood U <Z X oi x and a 1-convex function 6 on U such that 
(f) — 6 \s weakly 1-convex with respect to Ai\u = IJ M.x- 

Let fl be an open set in X. We denote by B{fl, /A\iT) the set of all continu- 
ous functions on Q which are locally the supremum of finitely many 1-convex 
functions with respect to and we define codimaM. — supxenJ^x- 

The space X is said to be q'-complctc, if there exists a function (p G C°°(X,ffi,) 
which is g-convex on X and such that is an exhaustion function i.e. 
{x & X : (j)[x) < c} is relatively compact in X for any c G ffi,. 
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3. Proof of theorem 1. 

We shall prove theorem 1 using the following result of M. Peternell [6]: 

lemma 1 Let X be a complex space and (j) G C°°(X,^) a q- convex function. 
Then there exists a linear set Ai of codimension < g — 1 over X such that (f) 
is 1-convex with respect to M.. 

Let X be a Stein space of dimension n and Q C X an open subset which 
is the union of an increasing sequence VLi C VL2 C. ■ ■ ■ C Q„ C • • ■ oi q- 

complete open sets in X. Let (p^, : Q^, ^]0,+oo[ be a smooth g-convex 
exhaustion function on Q^, Aii, G TQ^ a linear set of codimension < q — 1 
such that 4)1, is 1-convex with respect to /Ai, over ^2,^, i' > 1, and let {du)iy>i 
be a sequence with di, < di,+i, and Supd^, — +00. One may assume that if 
Q!^ = {x e : (t)r,{x) < dj,}, then Q!^ CC Q'^+i- 

lemma 2 -There exist for each y>l an exhaustion function 

ifi, e C°°{Vli,) which is q-convex in a neighborhood of Q'l, \ a locally 

finite covering {U,^)i,>i of Q by open sets U,^ C ^u+i, a linear set M. of 

codimension < g — 1 over VL and constants & R, v >1, with the following 

properties: 

(a) For each v>l there exists '^^ e B{Ui,,M.\uS} with ip^ = on 
{x eU^: (pv+i{x) < Ct,} n Uu-i- 

(b) For every index v >1, there is > such that 
^l-i \ C {x eUu ■■ (Pu+i{x) <Cy- e^] 

and {x eUy : Lpy+i{x) < Cy + e^} C U^-i. 

Proof. There exists a C°° exhaustion function on which is g-convex 
in a neighborhood of Q'u+i \ such that, if 

m^+i = Mm^^^>^^jn?y.+i</'''+i and M^+i = Max{^^_,<d,_,}(pu+i, then 
m,y+i > Mi,+i. In fact, let > be a C°° function with compact support in 
Qu+i \ ^'u-i such that = 1 on a neighborhood of 

Let ^ be a point oidfl'^-i such that — Max{(j)^_^=d^_-^y(t)^+i. 

Then it is clear that 

satisfies the requirements. 
We now put 

Ui = n'^, and = {Q'^^^ \ IF^.s) for v>2. 
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Since {Uu)u>i is a locally finite covering of Q and, for every z/ > 1, (f)u+i is 
1-convex with respect to J^u+i over Ui,, it follows from ([3], lemma 2) that 
there exists a hnear set A4 over Q of codimension < q — 1 such that each 
0,^+1 is 1-convex with respect to A4 over U„. Moreover, if we set 

then 

Choose £y > such that M^+i < — 2ei^, and put Cj, = — £1,. Then 

^!.-i\^'i.-2 ^ {x eU„ : i^u+iix) < Cy - e^} and 

{X^Vy-. ^y+\{x) <Cy-\- Ey] C ^^\^'y_2 C t/,.-!. 

We may take Qy so that 

{.T G : + ^ < V5i.+i(x) < + C {Qy = 1}. 

Then there exists for each u a function ipy : ^'yj^i -^]0, +oo[ with 

ipy G B{Uy,M.\u^), and such that = ipy-i on 

{x e : </7,.+i(x) < Cy + ^}. 

In fact, if z/ = 1, then it is obvious that ■^i = 02 has the required properties 
for Ui — and Jli = 0, since (f2 = 4>2> c[ — ci + ei on C/i. 

We now assume that z/ > 2 and, that V'l, ■ ■ • , '^u-i have been constructed, 
let Xu{t) = ay{t — Cy — y) where ay is a positive constant, and consider the 
function ipy : Uy — >]0, +cxd[ defined by 

{ifjy^l on {iPy+l <Cy- Ey) 
Max{\l)y-x-,Xv{}Pv+\)) on { Cy Ey < Lfy+l <Cy+ Ey} 
ay{(Py+l + (l)y+l{0 -Cu-y) ^ Wl^ + i > + £1/} 

Since on U'^ = {x e Uy : ipy+i{x) < Cy + ^} C. Uy^i we have 

tjjy^i > > xAVi^+i) and ipy_i e B{Uy_i, M\u^_^), then 

■0;^ = £ ^iU'y,M.\u[,) on t/^. On the other hand, the subset 

{cy + Y — fi^+i ^ Cy + Ey} C Uy-i Is coutalued in {9y — 1}, which implies 

that ipy = Max{tpy^i,Xu{4>u+i + (l)y+i{0)) on 

{cj, + Y < '/'iz+i ^ c,^ + ^i/}- Then clearly the function ipy is well-defined and 
satisfies the required conditions, if ay is taken so that ay^ > Maxs^^^^-^^c^j^^^^ipy^i. 

theorem 1 -Let X he a Stein space and ili C C ■ • • C f2„ C ■ • • an 

increasing sequence of q-complete open sets in X. Then D, — [J Q,y is q- 

i/>i 

complete. 
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Proof. Let (p'^ be the function defined by 



~ 1 V^^ on {x e U^+i : ^^,+2{x) < c^+i + ^} for < u - 1 
Then clearly ip^ e B{Vi,, M\v^), where 




Note that (yi,)u>i is an increasing sequence of open subsets of ft such that 
Ui, C K and il = [J V^. Moreover, we have (p'^, — (pl_i on 
i/>i 

{x e J/^+i : (y3^+2(a;) < c^+i} for all /X < - 1. 

Let now A' be a compact set in Q and u > 2 such that K C Since 
V'u = V'v-i on K n (Q'^ \ C {x G ^7^+1 : p^^,+2{x) < c^+J for all 

/X < 1/ — 1, then lyj'^ = <pI_i on i^. This implies that the sequence {(pl)u>i is 
stationary on every compact subset of Q. 

Since {x E U,^ : ip,^+i{x) < -\- Sy} C then 
ft'i,+i \ ft'^ d {x eUy : Pv+i{x) >Cu + Eu}., and hence ip'^ = Xu(Viy+i) > 1 
on fl^^i \ fl^, if ttu is chosen so that in addition Ui^^ > ^ + ^■ 

Furthermore, there exists for each v >1 a, function t/^^ G C°°{X) such that 

(a) "ip'j^ is strictly plurisubharmonic on fl'^j^2 \ {^'v \ ^'v-i)- 

(b) -0^/ > S^"*"^ in Jl^_,.2 \ but V'z/ < e,, in where is a small positive 
constant to be chosen later in the proof. To see this, we choose an open 
neighborhood uJu-i CC X of the holomorphically-convex hull of fl'^-i in X 
such that ujy-i contains f^[,_|_2- Then there exists a strictly psh exhaustion 
function h G C°°(X) such that /t < in Vt'i,-i and /i > in X \ Wiz-i. Let 
e_e C^{X),Q <e <l, with supp{e) C ^ = on and_^ = 1 on 
fl'i,+2 \ f^'y Choose e > sufficiently small so that + e < on ft'i,-i and 
set for a; G X 

= A{K^) + d{^){-Miny^^^^h{y)) +e)+ 

where ^ > is a positive constant. Then, if A is big enough, -0^ obviously 
satisfies properties (a) and (b). Moreover, a similar proof shows that there 
exists for each /j, < v — 1 a, function tjj' G C°°(X), which is strictly psh on 
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K+2 \ \ ^l^-i) s^ch > in 

\ -0^ > 2'"+^ in \ and -0^ < in where is chosen 

sufficiently small so that Lp'^ > on for every 1 < n < p. We now 

consider the function ip'^ : — > ffi, defined by 

V'^,' = Max{^p'^, V^, V'^_i, • • • , V'O- Then obviously < e B(K, A^|yJ- More- 
over, since 

K+i \ K C C/^+i \{xe U^+i : ^Pu+2{x) < c^+i} C \ 

it follows that for every j > + I, ip] > i/jI > 2"^+^ on K+i \ K- 

Let now X C be a compact subset and u > 2 such that K C 
Since > e,y on r^Vi, then i^'l = Max{(pl,iljl_^,'iljl^2r ■ ■ on 
Moreover, Since ip'^ = 'p'^_i on then ijj'l = on K, which implies that 
the sequence {iIj'^)u>i is stationary on every compact subset of VL. 

This proves that the hmit ■0" of {ip'l) is an exhaustion function on Q, such 
that 0" e B{^,M). Since CodimM < q — I, then Q is ^-complete. This 
follows from the fact that for every r] e C°{fl,Wi), rj > 0, there exists a 
g-convex function ijj on fl such that 

according to a result of Coltiou and Vajaitu (See [2] and [5]). 
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